Abstract-This paper studies the behavior of optical feedback self-mixing interferometric (OFSMI) systems, where the semiconductor lasers operate at a single mode (perturbed external cavity mode) with a large optical feedback factor . Based on analysis of the spectral linewidth associated with all the possible lasing modes at different values, a set of mode jumping rules are proposed following the minimum linewidth mode competition principle proposed in [21] . According to the rules, the factor can be classified into different regions, on which an OFSMI system will exhibit distinct phenomena. In particular, for the same amount of displacement associated with the external cavity, the fringe number reduction on the OFSMI signal should be observed when increases from one region to the next. An experimental setup with a laser diode HL7851G was implemented and employed to verify the proposed rules. The behavior of the OFSMI predicted by the paper has been confirmed by the experiments with value up to 8.0.
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I. INTRODUCTION
S
EMICONDUCTOR lasers (SLs) with external optical feedback has been an active area of research during the last three decades. A significant characteristic associated with an SL is the strong connection between emitted laser power (or the junction voltage) and the external optical feedback [1] - [6] . Based on this connection, a technology called optical feedback self-mixing interferometry (OFSMI) has been developed for sensing and measurement applications [7] - [18] . In contrast to other traditional interferometric techniques, OFSMI has many advantages such as simplicity in system structure, low cost in implementation, and ease in optical alignment, and hence, has attracted extensive research activities.
An OFSMI system consists of an SL packaged with photodetector (PD), a focusing lens, and a data processing unit. The PD detects the emitted power of the SL, referred to as the OFSMI signal, which is sent to the data processing unit where the signal is analyzed in order to extract useful information. The scenario behind OFSMI is a theoretical model developed from Lang and Kobayashi (L-K) equations [5] , and the model is described as follows [7] - [18] :
Equation (1) gives the relationship between and , the external light phases of an SL without and with optical feedback. These parameters are determined by and , respectively, where and are the light frequencies of the SL in the two situations. is the external roundtrip delay determined by the external cavity length and the speed of light as . Equation (3) gives the output power of the SL, denoted by , where is the power emitted by the solitude SL, is the power modulation index, and is called interference function. Obviously, when varies, will also vary and a modulated laser power (i.e., OFSMI signal) can be observed.
There are two important parameters in the model, i.e., and . is referred to as the optical feedback factor defined as follows [6] , [19] - [22] : (4) where , , , and are the power reflectivity of the laser mirrors, the power reflectivity of the external cavity surface, the coupling coefficient of the feedback power, and the round trip time in the SL chip, respectively. is a system parameter first proposed by Lenstra et al. [22] . It measures the influence of optical feedback on the behavior of an SL. When , the situation is said to be in weak optical feedback regime, and SLs operate in a single laser cavity mode, called monostable status. When , the optical feedback is referred to as moderate or high regime and SLs will operate in "external cavity modes" called multistable status.
is referred to as the linewidth enhancement factor (LEF) that is a fundamental parameter of SLs because it characterizes the SLs, such as the linewidth, the chirp, the injection lock range, and the dynamic performances. The measurement of has been a challenging issue that has also attracted extensive research [23] - [29] . Due to the connection between the OFSMI 0018-9197/$25.00 © 2009 IEEE waveform and , OFSMI-based approaches have been proposed for measurement [16] - [18] .
As indicated by (4) , is a parameter depending on many factors including the structure of the SL and the characteristic of the external target. As a result, it is a bit difficult to precisely control the value in practice. In other words, OFSMI systems may operate on a wide range of levels depending on the particular applications. Therefore, development of approaches for measuring or retrieving movement of the external target using OFSMI in a wide range of is an interesting and important issue.
As OFSMI technique relies on the relationship between the OFSMI signal and the parameters to be measured, the following two conditions must be met. First, a stable OFSMI signal must be observed, and second, there must be a deterministic model to describe the behavior of the OFSMI system. For the cases where , it is usually easy to observe a stable OFSMI signal. Also (1)-(3) are able to describe the signal waveform because (1) presents a unique mapping from to . In this situation, the external cavity movement will result in an OFSMI signal waveform with a fringe structure similar to the traditional interference fringes, and each fringe period corresponds to phase shift that is equivalent to a displacement of half wavelength of the external target [7] - [18] . When , stable OFSMI signals can still be acquired for many SLs, but the behavior of the OFSMI system becomes a bit more complicated as (1) may yield three possible values for a particular , corresponding to three different lasing modes. For illustrating the situation, let us consider an example where and and the relationships between and as well as and are shown in Fig. 1 . It can be seen that there are three possible modes when is within . According to stability analysis of lasing modes in [22] , the modes are stable ones if meeting the condition . In the given situation, traces and correspond to stable modes, while BA to unstable ones. The behavior of the SL has been extensively studied in this situation and it was found that although there are two stable modes in , only one occurs in practice. The actual behavior is described in [10] , [16] , and [19] , indicating that and will vary along the path when increases, and they will follow the path when decreases. Note that points A and B are called turning points where , as the SL exhibits a sudden mode jump when approaches these two points from different directions. Obviously, hysteresis phenomenon occurs on the OFSMI signal waveforms, and the fringe shapes become sawtooth-like [10] , [12] , [13] , [16] , [19] . It should be pointed out that although the actual hysteresis behavior is well studied and well known for this situation, (1)-(3) are not able to fully describe the actual OFSMI waveform.
The challenging situation is when , in which case (1) may have more than three solutions, and hence, the SL may operate at a multistable status. As indicated by Lenstra et al. [22] , (1) has five solutions when , but only three solutions correspond to stable modes. When , (1) has seven solutions, but only four correspond to stable mode, and so on. Due to the existence of multistable modes, SLs exhibit very complicated behaviors.
In this paper, we only consider the situation where an SL operates on a single particular mode at any time, as in this case, we should be able to acquire stable OFSMI signal waveforms. In order to achieve this, we should choose the SLs with high endurance against external optical feedback. An interesting work was done by Donati et al. [10] reporting that a stable OFSMI signal was observed for the case of around 6. Some OFSMI waveforms for the cases of are also presented based on computer simulations in [15] . However, neither [10] nor [15] specify which particular mode is the one actually occurring. To identify the actual mode, we need to consider the effects of feedback on the spectra of SLs.
Regarding the spectra of SLs with feedback, five distinct feedback regimes have been identified in [20] according to the spectra characteristics. The feedback regime I corresponds to the feedback with , where the laser runs at a perturbed laser cavity mode. When , the laser runs into regimes II and III, and work at perturbed external cavity modes. At these two regimes, the mode with the minimum linewidth is the predominant lasing mode [6] , [21] . So, we should able to find the actual lasing mode by comparing the linewidths for those possible lasing modes that exist in the OFSMI system.
In this paper, we will first study the linewidth characteristics for all possible stable modes at different feedback factor , based on which a set of rules will be developed for mode jumping when SLs run into the turning points where . These rules can be used to predict the OFSMI signal waveforms. Then we will report the experimental observations in order to confirm the theoretical analysis. The results reported will enable us to develop novel approaches for various applications, such as the measurement of external target movement, parameter , as well as over a broad range of .
II. BEHAVIOR OF OFSMI WITH DIFFERENT VALUES
A. Mode Competition
When is subject to a continuous change, for instance, by changing the external cavity length, will be forced to have a continuous change unless it reaches a turning point, over which the continuity cannot be kept and must jump to another stable state. Although we can exclude the unstable modes using the condition or , there are still more than three stable modes for the cases of . Therefore, we need to decide which particular mode is selected in practice after the jumping.
As indicated in [6] and [21] that the mode with the minimum linewidth is the predominant lasing mode, we can utilize the minimum linewidth mode competition principle to predict the behavior of an OFSMI system. In order to measure the spectral linewidth, a parameter, called the linewidth narrowing ratio (LNR), is described in [21] as follows: (5) where and are the linewidth of an SL without and with optical feedback, respectively. Clearly, the larger the LNR, the narrower the spectral line.
For the purpose of simplicity in terms of expression, we introduce two new variables, and , and (5) can be rewritten as (6) Equation (1) can also be modified as follows: (7) Without loss of generality, we only consider the situation where , as both (6) and (7) are invariant with respect to periodic extension of . Considering the stable mode condition, i.e., , we have , and hence, . Then the LNR can be expressed as when when (8) Fig. 2 . Relationship between LNR and the stable modes where C = 5.
Also from (7), we have . By substituting this relation into (8) and working out the corresponding regions for we have when when
In order to illustrate the earlier analysis let us consider an example where . Fig. 2(a) shows the relationship between and , while Fig. 2(b) presents the with respect to . Note that the segments marked by dashed lines correspond to the unstable part. Fig. 2(c) shows the with respect to (or equivalently, ). Fig. 2(d) is the enlarged view for the multiple value region in Fig. 2(c) , which clearly shows that the relationship has a monotonic region and a multiple-value region . In the monotonic region, the smaller the value of , the larger the , and the reaches the maximum when , corresponding to the narrowest linewidth. From (9), we can also see that the in the monotonic region is larger than that in the multiple-value region, and that in monotonic region is smaller than that in the multiple-value region. Besides, with the increase of , the multiple-value region becomes narrower and narrower. Therefore, as long as there is one mode in the monotonic region, the mode with smallest is the one with the narrowest linewidth. In other words, we can find the narrowest linewidth mode simply by comparing the values of .
B. Mode Jumping Rules
Now we are in the position to develop the mode jump rules for an OFSMI signal. First we should determine the turning points, where mode jumping occurs when the laser phase varies in different directions. These points are characterized by (or equivalently, ) and can be determined by (1) as follows:
where . Note that and corresponds to the turning points with increasing and decreasing , respectively. As the relationship is periodically extendable in that relationship is the same as , these turning points also appear periodically. This is why we have integer in (10) and (11) . In the following analysis, without loss of generality, we only consider the case where . Now let us consider the case when increases and reaches point B. The possible modes after jumping can be obtained by solving (1) with as follows:
Obviously, the solutions of are only determined by , which can hence be denoted as . Then we look at the value of for all the possible modes at the turning point B. By comparing (12) and (10), it is easy to show that are also a function of only. In order to evaluate , we carried out numerical calculations with respect to and the results are shown in Fig. 3 .
In Fig. 3 , we can see several continuous curves for (where ). With the increase of , the first possible stable mode that the laser can jump to appears at . This mode is denoted as , and the value of for this mode is shown by the curve . When , the second possible mode, , appears as indicated by . Then the third possible mode, denoted as , appears when , also shown by , . In terms of the distance of the jumping in from B, is the closest (or the next), is second next, and is the third next, and so on. Fig. 3 also shows the variance of the monotonic region in contrast to the multiple-value region with respect to . Fig. 3(b) is enlarged part of Fig. 3(a) in the area of . It is seen that in the cases of two or more stable modes, i.e., when , there is always at least one possible mode in the monotonic region, and hence, we can simply compare the values of to identify which mode has the narrowest linewidth. The results in Fig. 3 enable us to divide the value into the following regions, in which different jumping rules will apply. 1) When , referred to as region 1, there are either one or two possible stable modes, denoted as and , respectively. Obviously curve is either the only one (when ) or the lowest (when ), and hence, the mode has the minimal lindwidth and should be selected as the actual lasing mode. As appears at , which is the first next stable mode that laser jumps to. 2) When , referred to as region 2, there are three or four possible stable modes, and curve is the lowest, and hence, mode will be chosen, implying that the laser will jump to the second next stable mode.
3) When
, referred to as region 3, there are five or six possible stable modes. In this case, curve is the lowest, and hence, mode will be chosen. This means laser will jump to the third next stable mode. 4) In region , there are or stable modes. The curve will be the lowest, and hence, mode will be chosen. Consequently, laser will jump to the th next stable mode. Using the same approach described before, we are able to get similar jumping rules for the cases of decreasing . The laser will jump to the next stable mode when (region 1), the second next mode when (region 2), the third next stable mode when (region 3) and so on.
A special situation that should be mentioned is when the value is at the boundaries of 7.8, 14.0, 20.3, etc. In these situations, there is one mode at the multiple-value region and also there are two possible modes with the same linewidth at the monotonic region. This particular situation will be studied in our future research.
Let us consider an example where and in order to illustrate the earlier analysis. Fig. 4(a) shows the -relationship for this particular case. When increases and (or ) reaches the turning point B with its phases , there are five possible points (or modes) that the laser could jump to, i.e., , , , , and , and among them, the stable ones are , , and . In comparison to and , we notice that has shortest distance to the diagonal line , and hence, is the smallest among the three stable modes. Therefore, is characterized by minimal linewidth and will be selected as the actual lasing mode after jumping. This can also be seen in Fig. 4(b) , showing that has the maximal when compared to other possible modes. Similarly, when decreases to reach point A , the laser will jump to as it has the minimal linewidth. As a result, discontinuous jumps will be observed on the OFSMI waveform. This can be seen by therelationship in Fig. 4(c) . As is the second next mode, will jump to the second next fringe.
C. Influences on OFSMI Waveforms
If the earlier jumping rules are correct, we should be able to observe an interesting phenomenon. When jumps to the th mode, the phase difference in (and also ) between two consecutive jumps will be rather than , as shown in Fig. 4(c), where . Accordingly, the number of fringes in the OFSMI waveform would be reduced by a factor of if varies over the same range. Consequently, each fringe in the OFSMI waveform corresponds to a displacement of rather than the well known conclusion of . In order to demonstrate the influence of the earlier jumping rules on the OFSMI waveforms, we carried out computer simulations. Without loss of generality, we assume that the external cavity is subject to a simple harmonic vibration, i.e.,
, where cm, m, nm, . The signal is sampled with the frequency of 100 kHz, and hence, we have a discrete expression for as . In the simulations, we assume that , and takes the values of 2, 4, 7, 8, 10, 13, 15, 17, and 19, respectively. Fig. 5 shows the simulated OFSMI waveforms. Note that the first three waveforms are all in region 1, the next three waveforms are in region 2, and the last three are in region 3. By comparing the waveforms, we are able to see the following.
1) Within each of the regions, the fringe number keeps almost unchanged, but the swinging of fringes decreases when increasing . 2) Fringe number reduction will occur when varies over different regions. Supposing the number of fringes is in region 1, the number of fringes reduced to in region 2, in region 3, and so on. 3) When varies across the boundaries, we should observe a sudden increase in the swinging of fringes.
III. EXPERIMENT AND DISCUSSION
In order to test the jumping rules developed before, we implemented an experimental OFSMI system, shown in Fig. 6 . The optical setup consists of a laser diode (LD), a focus lens, and a loudspeaker as the external target. The electrical setup consists of LD driving devices, an optical power detection circuit, and a digital oscilloscope. In the experiment, the LD is HL7851G with wavelength of nm and the LD is biased with a dc current of 90 mA and operates at single mode. We choose this LD because it has high endurance against external optical feedback, i.e., the SL can operate in a single mode at a high level. The sinusoidal signal driving the loudspeaker is 73 Hz and has peak-to-peak (p-p) amplitude of 736 mV. The temperature of LD is maintained at by means of a temperature controller. The earlier experiment conditions are kept unchanged throughout the experiment. As indicated by (4), is proportional to , the round trip time of the external cavity given by , and hence, different values can be realized by varying the external cavity length .
With the setup we have acquired various OFSMI waveforms following the procedures given shortly and Fig. 7 shows some of the waveforms copied from the digital oscilloscope. Also we normalized the raw waveforms by removing the dc component and noises shown in Fig. 8 for evaluating the value.
We start from placing external target about 10 cm away from the laser and a stable OFSMI waveform was obtained. Then we gradually increase the distance until 70 cm, and we found that stable waveforms can always be obtained. Fig. 8(a) -(f) shows the waveforms for being around 10, 30, 40, 50, 60, and 70 cm, respectively. In order to determine levels, we have also done computer simulations.
By comparing the experimental waveforms in Fig. 8 with the simulations, we found that the values are about 1.35, 3.30, 5.57, 6.00, 6.80, and 7.40 respectively. We noticed that the number of fringes is almost the same, and the swinging of the fringes decreases with the level. This is consistent with what is expected by the conclusion in Section II-C as the SL operates in region 1 for these cases. Although there is a slight difference between the waveforms in Fig. 8 in terms of the fringe numbers, we believe that it is caused by the differences in the vibration amplitude of the loudspeaker, as both the speaker and the driving signals are not ideal. Also note that each fringe corresponds to a displacement of half wavelength.
When is around 80 cm, we captured an interesting phenomenon, which is shown in Fig. 9 . In order to understand the phenomenon, we recorded the sinusoid driving signal used for the loudspeaker and the corresponding OFSMI signal at the same time. It can be seen that the OFSMI waveforms exhibit different fringe structures during the two different half vibration cycles. For the half cycle when the target moves away from the LD, the fringe number is closed to the cases in Fig. 8(f) , but the fringe number reduces to half for the other half cycle when the target moves toward the LD. This is an interesting phenomenon as it implies that levels are different with respect to these two half cycles. In order to explain this, we carried out simulations of OFSMI waveforms with different levels, and then compare them with the waveform in Fig. 9 . After trying different values, we found that the first half in Fig. 9 is very similar to a segment of the simulated waveform where is slightly smaller than the boundary 7.8, and the second half in Fig. 9 is similar to these where is slightly larger than 7.8. The simulations are shown in Fig. 10 , where Fig. 10(a) shows the variation of , and Figs. 10(b) and (c) are the OFSMI waveforms for with 7.6 and 8.0 respectively. With a careful observation on the waveform in Fig. 9 , we found a transition moment T (see Fig. 10 ). By combining the section before T in Fig. 10(b) and the section after T in Fig. 10(c) , we obtain a waveform in Fig. 10(d) that is very similar to the experimental observation shown in Fig. 9 . Therefore, we can say that varied from region 1 to region 2 at the point T in Fig. 9 . People may argue that the vibration amplitude is much smaller than the external cavity length, and so there is no big change in during a vibration cycle. However, as indicated by (4), the value also depends on other factors, such as coupling coefficient . The movement of the external target during the two half vibration cycles may not be exactly symmetrical, which may result in a change of . As a result, there may be a slight variance in when external target moves in two opposite directions. This slight variance, when spanning the point of , will result in the waveform shown in Fig. 10(d) . We also tried to achieve higher level by increasing . However, when are over 80 cm, the observed waveforms become unstable. In other words, with the existing experimental system and the LD, we were not able to obtain stable waveforms with value at region 2 for a full vibration cycle of the loudspeaker. In region 2 or higher regions, there exist more than seven possible modes, and increasing the external cavity length will make the mode very closely spaced. As a result, the SL may operate on multiple modes, which is out of the scope of this paper. 
IV. CONCLUSION
This paper studies the behavior of an OFSMI system containing a single-mode (perturbed external mode) SL, which operates with different optical feedback factor . Based on the analysis of the spectral linewidth associated with all the possible stable modes, we developed a set of rules for determining the mode when the SL runs into the turning points (where ) due to the change of external feedback phase. Based on these rules, the feedback factor can be classified into the following distinct regions, in which the OFSMI will exhibit different behavior. The case of is referred to as region 1, as region 2, as region 3, etc. When the SL operates in region 1 and runs over a turning point, it will jump to the next stable mode. The SL will jump to the second next stable mode if operating in region 2, and similarly it will jump to the third next stable mode when operating in region 3. As a result of the mode jumping described, reduction of fringe number on OFSMI waveforms should be observed. In region 1, the number of fringes is still for a given displacement of external target , but for the same displacement, the fringe number will reduce to if the SL operates in region 2, and the fringe number will be in region 3, etc. The behavior described before has been verified using an experimental OFSMI system with an LD HL7851G at the range of . The presented results provide novel models for the OFSMI systems especially for the cases of . With these new models, novel OFSMI-based techniques can be developed for many potential applications. For example, displacement can be measured when . In these cases, the resolution for displacement measurement using simple fringe counting on OFSMI signals is (when the SL operates in region ), which is different from the well-known conclusion of . Also measurement of the over a large range of may help to reveal the relationship between the and of the SL systems.
